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ABSTRACT 
It is well known tit if S=(X,,..., A,) is a spectrum of ,a P-matrix, then 
bg A,) < R - r/n. We show that if the number of elements of S in the right half 
plane, or in the left half plane, is given, then the above bound can be improved, 
namely, there exists a such that kg X,1 < a < R - r/n. When S has exactly one 
element in the right half plane, it is shown that kg h,l < f a, independently of n. 
1. INTRODUCTION 
A P-matix [P,-mutrix] [3] is a matrix all of whose principal minors are 
positive [nonnegative]. Such matrices are related to stable matrices (e.g. [5]) 
and play an important role in economics and mathematical programming (e.g. 
[l]). They include the important class of nonsingular M-matrices introduced 
by Ostrowski [S]. 
Let S={X,,...,X,}, andlet 
49 = c k=l,...,n, 
1 Q il < is < . . . < i, * n t = 1 
denote the kth elementary symmetric function of the numbers X1,. . . , A,. 
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If S is the spectrum of a matrix having positive [nonnegative] sums of 
principal minors, then it satisfies 
Uk(S) ’ 0, k=l,...,n (1) 
[bk(S)>,O, k=l,..., n.] (lo) 
In particular, the spectrum of a P-matrix [Pa-matrix] satisfies (1) [(lo)]. In 
fact, it is shown in [S] that if S satisfies (1) [(la)], then there exists a P-matrix 
[Pa-matrix] whose spectrum is S. Thus S satisfies (1) [(la)] if and only if it is 
the spectrum of some P-matrix [Pa-matrix]. Such a set will be called a P-set 
[ P,-set]. 
Observe that a P-set [Pa-set] consists of positive [nonnegative] numbers 
(see for example Theorem 1 below) and of conjugate pairs. Observe also that 
S is a Pa-set if and only if S U{O} is a Pa-set. Thus we consider in this paper 
Pa-sets which do not contain zero elements. 
Kellogg [7l proved that elements of a P-set cannot he in a given wedge 
around the negative axis. More precisely he proved 
THEOREM 1 (Kellogg). 
(a) If@,,..., A,} is a P-set, thfm 
largX,I--;, i=l n. ,***, 
(b) Ifs-(X, ,..., h,},Xi*O,i=l ,..., n, isaP,-set, then 
largh,1<+ i- ,...,n. 1 
(2) 
Eqdity in (2,) holds if and only if 
fJ#)=o, k=l,...,n-1, 
(3) 
u,(s) > 0. 
For a set S, we denote by T(S) and v(S) the number of elements of S 
which have positive and negative real parts respectively. 
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In this paper we further investigate the localization of the elements of 
P-sets. 
A natural question is whether for a P-set or a P,,-set S = {X,, . . . ,A,} such 
that a(S) or v(S) is given, the region described by (2) can be reduced, i.e., 
whether there exists a number (Y satisfying 
/argh,(<aer-- 
n’ 
i=l >***, n. (4) 
Clearly a(S) > 1 when the cardinality of S, denoted by IS], is odd, and 
n(S) >, 2 when IS] is even. It is also clear (e.g. [S]) that if n is odd [even], then 
there exists a P-set S such that IS] = n and n(S) = 1 [a(S) = 21. 
In Section 2 it is shown that when a(S) = 1 (and n > 3), (r = $r satisfies 
(4). This value is independent of n and cannot be improved. An analogous 
result is obtained for P,-sets. 
In Section 3 we show that there exists a satisfying (4) when r(S) = 2 or 
v(S) = 2 (n > 6). We conjecture that when a(S) = 2, (4) holds with (Y = &r 
independently of n. 
Similar improvements of the bound in (2) are given in Section 4 when 
7r(S)= k or v(S)= k. 
2. SETS S WITH s(S) = 1 
We start with two lemmas. 
LEMMA 1. Let S consist of real numbers and conjugate pairs such that 
v(S) = 0. Then S is a PO-set. 
Proof. We show, by induction on IS], that S satisfies (la). The claim is 
immediate for sets of one or two elements. Assume it is valid for every set 
s, ={A,,..., h,) of n elements, and consider the sets S, = S, u{a} and 
S, = S, U { a + bi, a - bi}, where a 2 0. Then 
q(S,) = a + q(S,) > 0, 
ads,) = aak-l(So)+uk(SO) 2 0, k = 2,...,n, 
~~+dSd=a&GbO 
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and 
q( S,) = 2a + UI( s,) 2 0 
u,(S~)=a2+b2+2aa,(S,)+u2(So)>,0 
(Jk(S2) = (a” + b2)a,_,(S,)+2au,_~(S~)+u~(S~) >/ 0, k=3,...,n 
u,+,(S,) = (a” + b2)u,_,(S,)+2au&) 2 0 
~,+,(S,> = (a” + b2)u&J) > 0 ??
LEMMA 2. Let S consist of real numbers and conjugate pairs such that 
m(S)= 0. Then 
u#) B 0 if k&even 
and 
Uk( S) d 0 if k&odd. 
Proof Let S={h,,...,A,). The set T=(-A,,...,-&} satisfies the 
conditions of Lemma 1 and 
Uk(S) = ( - l)%k(T). ??
THEOREM 2. Let S={hl,..., A,} be a P-set such that n(S) = 1. Then 
lars &I < SC i=l,...,n. (5) 
Proofi Without loss of generality we can assume that A, > 0 and that 
A ,,...,A,havenonpositiverealparts.LethES,A#Ahl.Clearly~ES.Let 
A, = Q(S), k=l,...,n, 
B, = ok({A,, A, A}), k = 1,2,3 
and 
Ck=~k(S\{hl,X,~}), k-l ,..., n-3. 
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By Lemma 2, 
c, a- 0 if kiseven, 
C, 6 0 if kisodd. 
Clearly, 
B, + C, = A, > 0, 
B3C,,_3 = A,, > 0. 
Since T(S) = 1, n is odd and it follows from (6) that 
B, ’ 0, B3 > 0. (7) 
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Also 
B,C,_, + B3Cn+ = A,_, > 0, 
so by (6) and (7) 
The inequality (5) follows from Theorem 1, (7), and (8). ??
It is easy to check that the set (1 + E, e?“’ + E, e-g”i + E}, E > 0, is a P-set. 
As shown in [6] for any P-set S, there exists a number X such that S, = S U 
(A, x} is also a P-set and T( S,) = T(S). Thus the inequaIity (5) cannot be 
improved. 
For PO-sets we have the following. 
THEOREM 3. Let S={A,,...,h,), XitO, i=l,...,n, h a J’o*d mh 
that m(S) = 1. Then 
larg &I G b% i = l,...,n. (9) 
Equality in (9) holds for i = j or& if 
s = {lq, $3 q>u s, 
where S, cmwi.sts of pairs of conjugate pure imuginary numbers. 
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Proof. We follow the proof of Theorem 2 with h = h, Since now we 
deal with a Pc-set, A, and A,,_ r will be nonnegative (instead of positive). Thus 
we get 
B, 2 0, B, >, 0, B3 > 0. 
By Theorem 1, equality in (9), for i = J; implies that B, = B, = 0. Therefore 
A, = IX,]. By (6), C, Q 0. As B, = 0, C, = A, a 0, so 
q( s,) = c, = 0. (10) 
Since a(S,) = 0, it follows that v(S,) = 0. ??
We end this section with a consequence of Theorem 2 which relates to a 
conjecture of Carlson on weakly sign-symmetric matrices. 
An n X n P-matrix A is called weakly s&n-symmetric [2] if 
for all a,BC{l,..., n} such that lo] = I/3] = lanpl+l, where A(cw, 8) is the 
minor whose rows are indexed by (r and whose columns are indexed by p. 
Carlson [2] conjectured that if S is the spectrum of an n X n weakly 
sign-symmetric matrix A, then T(S) = n, i.e., A is stable. The following 
proposition may be of some interest in studying the conjecture. 
THEOREM 4. Let A be an n x n weakly sign-symmetric matrix, where n 
isoo!d,andk?ts={x,,..., X,} be the spectrum of A. Then T(S) 2 3. 
Proof. Suppose the claim is not true. Since n is odd, s(S) = 1. Without 
loss of generality we can assume that h, > 0. By Theorem 2, 
Let T=&,..., p,), pi = h:, be the spectrum of B = A2. By (12) 
Using the Cauchy-Binet formula (e.g. [4, p. 91) and the fact that A is weakly 
sign-symmetric, we get that all the principal minors of B of orders 1, n - 1, 
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and rr are positive. Let M, = a,(T). Then 
M,>O, M,_,>O, M,,>O. 
Consider the elementary symmetric functions of {pr, pi, Fi), i > 1. By a 
computation similar to that of Theorem 2 we get that 
contradicting (13). ??
The analogous conjecture and result for Pa-matrices are false. The PO- 
matrix 
satisfies (11) but has only one eigenvahre in the right half plane. Notice that 
the spectrum of A + sZ is the set introduced after Theorem 2. This does not 
contradict Theorem 4, as A + eZ does not satisfy (11) for E > 0. 
3. SETS S WITH n(S) = 2 OR v(S) = 2 
In the previous section we studied the case s(S) = 1. Now we consider 
Pa-sets for which r(S) = 2 (so 1st is even). Similar discussion is carried for 
v(S) = 2. [Obviously v(S) * 1 for Pa-sets.] 
The following lemmas are based on continuity arguments. 
LEMMA 3. There exists S > 0 such that if 
then all the roots of the polynomial 
p(z) = 2” + a&-1 + * * * + a,_,2 + a, 
lie inside the unit circle. 
Proof. For 6 small enough p(a) is close to the polynomial zn, whose 
roots are zero. W 
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Iail G 44, i=l ,...,n-1, 
9(~)=z”+a,z”-‘+ ... +a,_,z+d 
satisjits 
’ s(S)>2 and Y(S)>2. (14) 
proof. For e(d ) small enough, 9( 2) is close to z ” + d. ??
LEMMAS. Letd>Oandn>,7.Zf 
la,l<e(d), l,..., n-l, i= 
and 
a,>d, 
thenthesetS={z,,...,n,}ofthemtsof 
r( 2) = 2” + a$“-’ + * * * + a,_12 + a, 
satisjk (14). 
Proof. Let c-y-. Consider the set T=(z,/c,...,z,/c). Tis the 
set of the roots of 
t(z) = 2” + b1z”-l+ * * - + b”_,Z + b”, 
where 
bk=$, k=l,..., n. 
SPECTRA OF P- AND &-MATRICES 
Since c > 1, 
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,bx,=$L,a*14@), k=l,..*, n-l, 
and b,, = a,/c” = d. 
By Lemma 4, (14) holds for T and thus for S. ??
THEOREM 5. Let S={h, ,..., A,}, Xi*O, i=l,..., n, n>6, be a P,,-set 
such that IT(S) = 2 or v(S) = 2. Then there exists a satisfying 
Proof. Let 6 be the number whose existence was established in Lemma 
3, and let E = E(6). Denote 
i 
arcsin 
p=min 
i 1 
&sin z 
n2 B 
n y2 * 
1 
We show that a = r - r/n - /3 satisfies (4). 
Suppose there exists X E S such that 
Without loss of generality we can assume that 1 A I= 1. Let 
A, = ok(S), k=l,...,n. 
ThesetT=(-A,,...,-&,}consistsoftherootsof 
p(z) = z” + A&-’ + -. - + A,_lz + A,,. 
Let B be the argument of - x. By (16), 
05) 
(16) 
(17) 
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By (15) and (17) 
DANIEL HERSHKOWI’IZ AND ABRAHAM BERMAN 
T - <kegn-~ 
n2 ’ 
k=l,...,n-1. 
n 
Thus 
sinke>sinz>o, 
n2 
k=l ,...,n - 1. 
Also by (15) and (17) 
Thlls 
O< -sinnedGns. 
As -AET, 
n-1 
p( - x) = eine + c A,_keike = 0. 
k=O 
The imaginary part of this equation implies that 
n-l 
C A,_,sin ke = - sin&. 
k=l 
SinceAk>O, k=l,..., n, it follows by (18) that 
A n_kSh ke G - Sind?, k=l ,...,n-1. 
BY (18) and (1% 
08) 
(19) 
(20) 
A ._ksin z < &sin ??_, 
n2 n2 
k=l ,...,n - 1. 
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&GE, k=l ,...,n - 1. 
By Lemma 3, A,, > 6, since I- ii1 = 1. Thus p(z) satisfies the conditions of 
Lemma 5, so V(S) = V(T) > 2 and v(S) = n(T) > 2. This contradicts the 
assumptions of the theorem, so there exists no h E S satisfying (16). ??
Recall the condition for equality in Theorem 1. Sets which satisfy (3) wilI 
be called extremul PO-sets. It is pointed out in [6] that if {hi,. . . ,A,} is a Pa-set, 
then {Xi+&,..., X, + E}, E > 0, is a P-set. The extremal P,-sets for n < 6 
demonstrate, by this observation, that Theorem 5 is not true, neither for 
n < 5, nor for n = 6 and v(S) = 2, even for P-sets. To show that it is not true 
for n = 6 and a(S) = 2, let Xi, A,, and A, be numbers on the unit circle 
satisfying 
ReX,= -fe, 
and let S = {Xi, A,, A,, xi, xs, xs}. For 0 < E< ffi, S is a P-set satisfying 
n(S) = 2. For E smah enough, kg h,] is close to @r. 
Recall the remark following Theorem 2 that if S is a P-set, then there exists 
h, Re X < 0, such that S U (A, x} is also a P-set. Obviously for every p > 0, 
S ~{p} is a P-set. Thus the bound (Y in Theorem 5 cannot be smaller than &r. 
The largest n for which there exists an extremal Pa-set S such that a(S) = 1 is 
n = 3. The largest argument of an element in such a set is $r. In Theorem 2 
we proved that this number is the bound (Y in (4) in the case a(S) = 1. The 
largest n for which there exists an extremal Pa-set S such that a(S) = 2 or 
v(S) = 2 is 6. The corresponding argument is &r. Motivated by this observa- 
tion, we conjecture 
CONJECTURE 1. Let S={h,,..., A,} be a P-set such that a(S) = 2. Then 
Ia% Ail < h, i=l ,...,n. 
CONJECTURE 2. Let S={X,,..., A,} be a P-set such that v(S) = 2. Then 
lwz &I < $3 i = l,...,n. 
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The conjectures are stated separately because their confirmations may be 
independent. Similar conjectures may be stated for P’-sets. 
Let S be a P,,-set with s(S) = 2. We conclude this section with a bound for 
the argument of the elements in the right half plane. This result may be of 
some use in studying the conjectures. 
THEOREM 6. Let S= {X1,...,Xn},  a 4; Xi==O, i=l,...,n; ReX, > 0; 
ReX,>O;ReXig0,i=3,..., n; be a PO-set and let ti = max@g Xi I. Then 
largX,l=~gX,I~a-e. (21) 
proof. Choosej3dj~n.DenotebyTtheset(X,,A,,Ap~j).Let 
A, = ok(T), k=1,...,4, 
B, = a,(S \ T), k=l ,...,n - 4, 
c, = (J&q, k = l,...,n. 
If n=4,then T=SandAk>O, k=l,.,., 4. 
Sinces(S)=2,niseven,soifn>4,thenn~6.Inthiscase 
A, + B, = C, z 0, 
A&,_, -I- A&,_, = C,,_, a 0. 
By Lemma 2, 
B, < 0, B,_,<O, B,,_,>O, 
so 
A,>,0 and A,>O. 
If h, and A, are positive then (21) is obvious. Otherwise, let 
(22) 
(W x j = pe”I, $7 Q ej < II 
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(there is no loss of generality in choosing h j in the upper half plane). Then 
A,=2rcoscp+2cpcos~j>,0, 
A, = 2rp( pcos cp + rcos fij) > 0. 
Therefore 
coscp>, -$cosej=~cos(7r-ej), 
cosq+osej=~cos(77-ej) 
Thus 
coscp 2 cos(a - ej). (24) 
The inequality (21) follows from (22), (23), and (24), which holds for all j 
3< j<n. ??
WeremarkthatifS=(X,,...,X,)isaP-set,thensoisT=(X,-~,...,X, 
- E} if E > 0 is small enough. Thus if S is a P-set, (21) holds with strict 
inequality. 
4. SETS WITH n(S) = k OR v(S) = k 
We consider now the general case. Let S be the set of the roots of z” + d, 
d > 0. Observe that 
n=21, leven * n(S)=v(S)=Z, 
n=21, lodd * n(S)=v(S)=Z-1, 
(25) 
n=21+1, Zeven * 7r(S)=Z, ~(S)=l+l, 
n=21+1, Zodd * n(S)=Z+l, Y(S)=Z. 
Based on this observation, we generalize the results of the previous 
section. 
In the sequel k and n denote natural numbers. 
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LEMMA 6. Let d>O and n>2k+3. There e&ts E(d), d>E(d)>O, 
such that if Iail<&( i=l,..., n - 1, then the set S of the roots of 
q(z) = x” + alznwl + - * * + a,_,z + d satisfies 
n(S)>k and v(S)>k. (26) 
LEMMAS. Letd>Oandn~2k+3.~ffa,~~e(d),i=1,...,n-1,and 
a, > d, then the set S of the roots of r(z)= z” + alz”-l + - - - + a,_lz + a,, 
satisj?es (26). 
THEOREM 7. Let S={h, ,..., h,}, Xi*O, i=l,..., n, n>2k+2, be a 
PO-set such that a(S) = k or v(S) = k (notice that v(S) must be even). Then 
there exists a satisfying 
~gX,I<lX<S-~ 
12’ i = l,...,n. (4 
The proofs of Lemmas 6 and 7 are based on (25) and are essentially the 
same as those of Lemmas 4 and 5. The proof of Theorem 7 uses Lemmas 1,6, 
and 7 and is similar to that of Theorem 5. The extremal Pc-sets of order 
2 k + 1, where k is odd, and 2k + 2, where k is even, demonstrate that the 
theorem does not hold for n < 2k + 2. 
In the proof of Theorem 6 it was shown that A, and A, are nonnegative. 
In the general case of a Pa-set S, without zero elements and with n(S) = k, let 
A i,. . . ,h, be the elements of S in the right half plane and let h E S satisfy 
ReAdO. Then 
A,=a,({h, ,..., hk,A,~})aO 
and 
By (W), the largest n for which there exists an extremal Pc-set S such that 
s(S) = k or v(S) = k is 2k + 1, where k is odd, or 2k +2, where k is even. 
The paper is concluded with the following generalizations of Conjectures 
land2. 
CONJECTIJRE~. Let S={X,,..., X,} be a P-set such that a(S) = k where 
k is odd. Then 
larghl+r~ i=l ,...,n. 
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CONJECTURE 4. Let S={h,,..., A,} be a P-set such that a(S) = k where 
k is even. Then 
CONJECTURE5. htS={X,,..., A,} be a P-set such that Y(S) = k (k must 
be even). Then 
Here too, similar conjectures may be stated for Pe-sets. 
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